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BSTRACT

The RAM model of COOK and RECKHOW [2] is extended to allow parallel
ecursive calls and the elementary theory of such machines is developed.
'he uniform cost criteria is used. The results include proofs of (1) the
quivalence of nondeterministic and deterministic polynomial time for suc
arallel machines and (2) the equivalence of polynomial time on such para

achines and polynomial space on ordinary nonparallel RAMs.

EY WORDS & PHRASES: parallelism, nondeterminism, random access machine,

time, storage

This report will be submitted for publication elsewhere.
This research was supported, in part, by NSF Grant MCS-74-02338A01.

M.J. STIMSON, Department of Nuclear medicine (115) Veterans Admini-
stration Hospital 3350 La Jolla Village Drive,
San Diego, California 92061




|




I. INTRODUCTION

A machine model called a parallel random access machine (PRAﬁ) is
ntroduced. The model is obtained by extending the RAM model of Cook
nd Reckhow [2] to allow parallel recursive calls. These PRAMs are then
sed to develop a theory for the time complexity of parallel algorithms.
n this paper we consider only the uniform cost criteria [2]; that is,
n computing running times, we charge one time unit for each memdry trans-
er., Our results include proofs of (1) the equivalence df nondeterminis-
ic and deterministic polymomial time on PRAMs and (2) the equivalence of

olynomial time bounded PRAMs and polynomial storage bounded ordinary non-
arallel RAMs.

II. THE PRAM MODEL

A k-offspring parallel random access machine (or k-PRAM) consists of
finite program and a set of processors. As with an ordinary RAM, each
-PRAM processor has a pointer into the program telling it which instruc-

ion is to be executed next (all processors use the same program). Each
rocessor has a memory which consists of a sequence of registers, RO’Rl’
“’Ri""’ each of which is capable of holding an integer of arbitary
ize. Each processor also has available to it k other processors (its
ffspring) which it can call. Each processor may have up to k of its
ffspring computing in parallel with it. These k processors méy, in turn,
all up to k offspring each, and so forth. When an offspring is done with
ts computation, it returns its response to its parent by way of a special
ank of registers called channels. That offspring is then available for
nother recursive call. Channel £, 1<2<k is used by a processor to re-
eive parameters passed to it by its ch offspring. Channel £ is a bank

f read-only channel registers, Cé,Cf,...,Cf,..., each of which is changed
nly as a result of offspring & completing a computation. Therefore, each

hannel register is a read-only register to the parent, but the registers

n channel { are modified whenever offspring £ returns from a recursive call,




The program for a PRAM is a sequence of (optionally) labeled in-
ictions. If the labels in a PRAM program are unique, the program
said to be deterministic; otherwise, it is said to be nondeterministic.
instructions for a PRAM program are drawn from thé instruction set-:
:n in Table 1. In Table 1, £ is an integer such that 1 <2£<k; a and b

operands of the form

(i) i, indicating the integer value i, or

5 g
(ii) Ri’ indicating the contents of register Ri’ or
c?

2
1o indicating the contents of channel register Ci'

(iii)
relation COMP in Table 1 may be any of the binary relation symbols <,
=, 2, >, #, where these symbols have their usual interpretation over

integers. In what follows, we will consider each instruction (except

call and return instructions) to have a cost of one time unit.

Instructions 1 through 7 are exactly the same as their counterparts
ordinary RAMs (see, for example, Cook and Reckhow [2]). Instruction
5 the same as instruction 3, except that in 8 it is a channel register
t is accessed. Instruction 8 changes the value of Ri to the value of
mel register v(Rj) of the ch channel bank, 1<2<k. (v(a) denotes
value of operand a. See, for example, Aho, Hopcroft and Ullman [1].)
truction 9 allows a processor (the parent) to initiate its lth offspring
! <k. 1If that offspring is currently active, the parent is blocked at
t instruction until the offspring returns. The operands a and b specify
upper and lower register addresses of the parameter list. When the cal:
truction is executed, the contents of the parent's registers Rv(a) tHroug
through R

) are copied into registers R v(a) of the offspring. The

v(b)-
t of the céll instruction is v?b)—v(a) + lgblhat is, the cost of copying
parent's registers over to the offspring's registers. If the parent
ampts to access channel register C% or recall offspring £ while it is
11 active, then the parent is blocked at that point in the computation
il offspring { completes its computation and returns. Instruction 10

>ws an offspring to return an answer to its parent. The operation of

35 instruction is similar to that of the call instruction, except that
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‘ormation is passed back up to the parent. When offspring ¢ executes a
'URN (a,b) instruction, the contents of offspring 2's registers Rv(a)

:ough R are loaded into the parent's channel registers CQ through
v ( 0

b)
) . o C, s > _ . .
b)=v(a) All other channel registers, 0 1 v(b)-v(a), will contain
‘0o at the completion of the return instruction. As with the call in-
. . . 1
‘uction, the return instruction costs v(b)-v(a) + 1 time units. (In
structions 9 and 10, we assume a<b. If az=b, then the program ter-

1ates.)

The computation of a PRAM proceeds as follows. Initially, there is a
1gle processor active (level 1). The input is in register RO of this
ycessor and all other registers are set to zero. The PRAM computes in
h the same way as an ordinary RAM until a call instruction is executed.
'n this occurs, an offspring processor is activated. Information is
yvied from the parent's parameter registers to the registers of the off-
-ing as outlined in the description of the call instruction above. All
the offspring's other registers are set to zero. The offspring then
irts computing at level m+tl (where the parent is computing at level m).
ch prbcessors remain active and compute in parallel (and, in fact, each
>cessor may make additional calls) until one executes a return instruc—
m, When this occurs, the return parameters are loaded into the channel
;isters corresponding to the returning offspring and this processor and

L of its descendants are removed from the computation.

A subcomputation of a PRAM program P on parameter list (ao,al,...,au)
a computation performed by a processor (and its descendants), executing
dgram P, from the instant it is initialized with Ri(—ai’ 0<i=<u, Ri+l0,
>u, until it executes a return instruction. A subcomputation of P per-
rmed by the inifial processor (that is, level 1) on some input x (a0=x,
J) is called a computation of P on x. An integer x is accepted (respec~
vely rejected) if there is a computation of P on x such that the computa-
on terminates with 1 (respectively 0) returned at level 1. A set A is

2epted by a PRAM program P if P accepts exactly the integers in A.

stually, we could argue that a cost of one time unit is more reasonable
¢ this instruction since channel register C% may be considered to be re-
ster R% of offspring 2. However, it turns out that the particular cri-
rion we select is unimportant to our study here.




rly, a set A is recognized by a PRAM program P if P accepts every
r in A, rejects every integer'not in A, and (if P is nondeter-

ic) there is no integer x such that P both accepts x and rejects x.

ondeterministic PRAMs have a peculiér property which deserves some
sion. If P is a nondeterministic PRAM which recognizes some lan~
A, then P is consistent in the sense that for each input x, P

"~ accepts or rejects w but not both. P may, however, exhibit incon-
cy at lower levels. P may make a recursive call and, since P is
erministic, there can be one computation of the offspring which re-
one value and some other perfectly valid computation that returns
‘erent value. We will assume our PRAM programs have. the property
for any particular parameter list, an offspring can return at most
st of values to its parent. PRAMs with this property are called

‘tent, Deterministic PRAMs are always consistent.

le will measure time and Storage as a function of the length of the
By the length of an integer x, we mean the length of the binary
11 for |x| with no leading zeros 2 (le denotes the absolute value
length(x) denotes the length of x.) A k-PRAM P is said to accept
st A of integers <n time bound T(n) provided that P accepts A and
for every x in A, there is an accepting computation of P on x that
at most T(n) steps. P is said to recognize A in time bound T(n).
led that P recognizes A and, for every integer x, there is a compu-
1 of P on x that is either an accepting or rejecting computation |
1at takes at most T(n) steps. In this paper we will talk about both
:ing and recognizing sets. Whenever we say that a machine X can
ate a machine Y, we will mean that machine X accepts the same set as
1e Y and furthermore, if machine Y actually recognized a set, then
1e X also recognizes that set. We now describe a standard niceness

tion that we will assume our time bounds satisfy.

Je say that a function f(n) is T(n) time countable provided there is

arministic ordinary RAM which, given some input x of length n, will

ngth(0) =1




struct the value f(n) in one of its regist

unction is 0(T(n)) time countable if it is

e ¢, The concept of S(n) storage countabl

analogous way. In what follows we will as
ction T(n) is 0(T(n)) time countable. We

nd functions T(n) are such that T(n) 2 n,

III. PROGRAMMING LANGUAGE

Cook and Reckhow [2] describe a high-lev
s which they call RAM-ALGOL. The language
more restricted: the only data types are i
y arithmetic operations are + and -; array
inite; procedures and switches are not all
exactly similar way we can construct a pro
led PRAM~ALGOL, PRAM-ALGOL is obtained fr
uctions for parallel recursion. Specifica
ns like the CALL and RETURN instructions o
special variables Ci that are treated 1lik
PRAM model. In PRAM-ALGOL, ﬁhe CALL and
variables whose values are passed as para
L 2(X,A[7]) passes as parameters the value
ment A[7], and RETURN (X,A[7]) when execut
sive copy of the program causes variables
m to be set to the values of X and A[7] re
truction the copy of the program that exec

cendants disappear as in the PRAM model.

In this paper we will usually state our
lish. It should be clear that the algorit
OL and ultimately to PRAM programs. In pa
"variables and arrays. As with RAM-ALGOL,

m is computed by charging one time unit fo

thin T(n) time units,
time countable for
tions is defined in
hat every time bound
ssume that all time

1 n.

gramming language for
milar to ALGOL 60 but
and Boolean; the
one~dimensional and
o be recursive. In
ng language for PRAMs
-ALGOL by adding in-
RAM-ALGOL has instruc-
PRAM model and also
channel variables of
N instructions list
. So, for example,
ariable X and array
the ch offspring re-
C% of its parent pro-
vely. After a RETURN

he instruction and its

thms informally in

n be converted to PRAM-

ar, we will use mnemonics

ost of a PRAM-ALGOL pro-

memory access. Also




1s with RAM-ALGOL, the run time of a‘PRAM-ALGOL program is proportionate
:0 the run time of its equivalent PRAM‘program. (See [2] for a discus-
iion of the details,) Similarly, it should be clear that the run time
»f our informally stated algofithms are also proportionate to their equi-

ralent PRAM programs.,

IV, ELIMINATING NONDETERMINISM

‘In this section we show that, for k-PRAMs, the class of languages
iccepted in deterministic polynomial time is the same as the class of lan-

ruages accepted in nondeterministic polynomial time.

'HEOREM 4.1: Every nondeterministic, T(n) time bounded k-PRAM can be
simulated by a deterministic k=PRAM in time O(Tz(n)), provided k = 2,

'roof. Let P be a T(n) time bounded nondeterministic k-PRAM. Assume,
rithout loss of generality, that no label occurs more than twice in the
yrogram for P, We will describe a deterministic k-~PRAM, PD’ which will
recognize the set accepted by P. PD operates by simulating P. - Since P

ls nondeterministic, it may have more than one subcomputation for a given

D
l,...,au) to simulate P on, PD will simulate all pos-

varameter list (ao,al,...,au). P_ will be constructed so that, given a

varameter list (ao,a
;jible subcomputations of P on this parameter list. In order to do this
)D uses a "clock" running at the simulated time of P. That is, a register
alled CLOCK, will be initialized to T(n) and will be decremented every time
1 move of P is simulated. So when CLOCK is less than or equal to zero,
[(n) moves of P have been simulated and the simulation can end. in order
to keep CLOCK current, the value of CLOCK will be passed as a parameter

Erom parent to offspring and from offspring to parent.

Note that if an offspring of P initially starts computing (say at level
m) with a clock value of t, then theré are at most 2t possible sequences of
noves that can be made by that offspring at level m until it returns. We
vill comstruct PD so that the offspring which is called to simulate a parti-

cular offspring of P will generate 2t offspring (by a sequence of t pairs




recursive calls) while construcﬁing 2t'vectors of t bits. Each vector
given to one of the 2t offspring and the ith element of the vector,
i], tells the offspring which of the two occurrences‘of a label it
ould branch to at the ith nondeterministic move of its computation (at
e simulated level of P). That is, V[i] = O tells the offspring to

anch to the first occurrence of the label; V[i] = 1 tells the offspring
branch to the second occurrence of the label. In this way, each of

e 2t offspring may simulate a different computation of the offspring

Pl

The simulated parameter list, the vector for determining nondeter-
nistic choices and the current value of the parent's CLOCK are passed to
ch of these 2t offspring, This value of CLOCK becomes the value of
OCK for each offspring. Each of the 2t offspring then simulate P at
e appropriate level, consulting its vector to determine Which nondeter-
nistic choices to make and decrementing CLOCK by an amount equal to the
apsed simulated run time of P. (Note that the vector only determines
ndeterministic moves for one processor at one level. When it needs to
mulate an additional recursive call to a lower level, another ot off-
ring are generated with t set to the current value of CLOCK.) When an
‘fspring returns it passes its éimulated returned parameters and its cur-
mt value of CLOCK to ité parent. If a processor ever gets a value of
,OCK which is zero or less, then it immediately returns to its parent
1d reports that it has run out of time by returning a value of CLOCK

[ual to zero.

The ancestors of the 2t offspring wait for both of their descendaﬂts
) return, whereupon they return the parameter list and CLOCK value re-
irned by the descendant which was successful (that is, the one whose cloc
d not run out). Notice that if more than one of the 2t offspring are suc
sssful, they will return the same parameter list, since P was originally
»nsistent. In this case, the highest value of CLOCK is returned as the

alue of CLOCK. If all offspring are unsuccessful, the processor simply




aturns a zero clock value. In this way, P_ can simulate all possible sub-

i D
>mputations that could occur as a result of a recursive call by P.

In order to insure that the value of CLOCK is correct, the returned
1lue of an offspring's clock is used to correct the value of its parent's
lock. Whenever a processor wishes to simulate P accessing channel %, or

:calling offspring %, it first checks the value of CLOCK returned by its
- offspring. If that value is less than the parent's value of CLOCK, then
1e parent, resets its value of CLOCK to this lower value. In this way, the
irent's clock is adjusted to reflect the time that P would spend waiting

)r an offspring to return.

Since a clock value of zero or less causes a processor to return, all
fspring eventually return. If the value of CLOCK at level one is ever
:ro or less, then P could not accept the input within time T(n). So if
le processor at level one ever gets a value of CLOCK which is zero or

iss, then it rejects the input.

In order to complete the description of PD’ we must tell how the vectors
i] are paséed to the 2t offspring. Passing the vector as a single array
yuld yield a simulation time of 0(T3(n)). By passing the vector as a single
mber V and viewing the number as a bit string, we can get the simulation
.me down to O(Tz(n)). The numbers V are passed down as follows., The first
10 offspring are passed values V=1 and V=0. Each intermediate offspring,
: L<t levels below, passes its two offspring the values 2L+V and V respec-
vely. It also passes each offspring an indication of their level I+1 and
te value t. The 2t offspring at level L=t then unpack the bits in V and
ore them in a vector V[i]. The simulation then proceeds as outlined
ove. The unpacking can be done in time O(t). The unpacking algorithm

given in Appendix 1.

We shall now examine the time requirements for PD. All moves of P, ex—

pt for calls and returns, require < steps to simulate, for some constant

. In the case of calls, PD must construct the 2t vectors (where t is the




ck value ét the time of the call). If the cost of the original call
truction was s time units, then generating 2t offspring and their
tors will require t+1 recursive calls, each with a cost bounded above
3+c2 for some constant Cye The 2t offspring must then unpack the ‘
tor V and place it in an array V[i]. This costs an additional 0(t)

> units. Therefore the cost of generating 2t offspring and their
tors will be O(st) time units. In the case of a simulated return in-
uction, the return parameter list must be passed up through t+1 levels
recursion (where t ié the clock value at the time of the call). If
cost of the original return instruction was s time units, then the
ameter list can be returned up to the simulating processor in 0(st)

e units., It may also require O(t) time units to wait for all of the
lings to return, so the total cost of a return instruction is still
t) time units. So, taking T(n) as an upper bound on t, we see that

steps of P can be simulated in time
max{0(s),0(st)} = 0(st),

re s is the cost of the simulated move in P. Therefore, since one P tim

t can be simulated in O(T(n))PD time units and P_ needs to simulate T(n)

D
e units, it follows that PD runs in time O(Tz(n)) . O

Notice that the algorithm in the proof of Theorem 4.1 gives us a deter
istic recognizer, even if the original machine is only an acceptor. Ther
e, if we are interested in polynomial time, we may assume that our k-PRA]

recognizers.,

The next two results show that deterministic 2-PRAMs are strictly more
erful than nondeterministic ordinary RAMs, provided the 2-PRAMs are al-

ed a small additional run time.

OREM 4.2: If h is any positive integer and T(n) is any (0(T(n)) time
ntable) function (such that T(n) = n), then there is a set A such that A

recognized by a 0(T(n)) time bounded deterministic 2-PRAM but A is not
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ccepted by any T(n) time bounded nondeterministic ordinary RAM with a

ogram in which each label occurs at most h times.
oof, We will first give the proof for the case h=2,

In a straightforward way, code nondeterministic ordinary RAM programs
which each label occurs at most twice as binary strings with first digit
2. Do this in such a way that labels can be considered to be positive
tegers and that each statement is labeled.. Then every such program can
viewed as a positive integer (in binary). Let A be the set of all
tegers x such that x is the code for such a RAM program p(x) and such
at p(x) does not accept x‘in time T(n) where n is the length of x. By a
andard diagonal argument it follows that A is not accepted by any T(n)
ne bounded nondeterministic ordinary RAM with a program in.which each
el océurs at most twice. To complete the proof, we will describe a

[(n)) time bounded 2-PRAM, P, that recognizes the set A.

P operates as follows. Given iﬁput x, P first checks to see if x codes
RAM program of the appropriate type. If not, then P rejects x. If x does

le such a RAM program, then P constructs T(n) and, as in the proof of

:orem 4,1, P generates 2T(n)

T(n)

offspring. Each offspring is passed x, T(n)
i one of the 2 possible vectors consisting of T(n) bits. As in the

of of Theorem 4.1, this vector is passed as a single binary numeral.

h of these offspring puts T(n) in a variable called CLOCK and, as in the
»of of Theorem 4.1 (Appendix 1), it unpacks its vector of T(n) bits and

)res it in an array V[i]. The offspring then saves a copy of x and view-

} X as a binary string, it unpacks the string x. As the bit string x is
racked, the program p(x), coded by x, is stored in nine arrays: I[i], Al[i],
1], A3[i], A4[i], R1[i], R2[i], R3[i], and R4[i]. The program is stored
such a way that it can be efficiently simulated. To simplify the descrip-
m of how-the program .is stored, assume that the only comparison allowed
a<b. It is trivial to extend the techniques to allow all the arithmetic
parisons., The instruction labeled by the first occurrence of label k is
)red in array elements indexed by 2k. The instruction (if any) labeled

the second occurrence of label k is stored in array elements indexed by




1. For i = 2k or 2k + 1, whichever is appropriate, I[i] holds the in-
uction number as given in Table 1. Each instruction can have up to

r constants occurring in it., Each such constant is either a literal, a
iister address or a label. These constants are stored in array elements
i], A2[i], A3[i] and A4[i]. If the constant in Ajti] is the address of
‘egister, then Rj[i] is set equal to one otherwise Rj[i] is set equal to
‘0, For example, if the first instruction with label 7 is

IF 5 = R3 THEN 12

ELSE 9

m I[14] = 6, AL[14] = 5, A2[14] =.3, A3[14] = 12, A4[14] = 9, R1[14] = O,
141 = 1, R3[14] = 0 and R4[14] = 0.

After doing all of the above, the offspring simulates program p(x) on
ywut X. After each simulated move, CLOCK is decremented. If the input
accepted or the value of CLOCK gets to zero, then the simulation stops.
this way the offspring can determine whether or not the RAM program
) accepts the input x in T(n) steps using the nondeterministic ‘choices
licated by the vector of length T(n) which it received. The offspring
turns a value saying whether or ﬁot its simulation accepted the input x.
> intermediate processors return a value saying whether or not any of
2ir descendants performed a simulation that accepted x. The level one pro—

ssor rejects x if at least one of the 2T(n)

possible computations is an
cepting computation; otherwise, the input x is accepted. Clearly, P recognize

2 set A. It remains to estimate the run time of the 2-PRAM P,

It takes O(n) time units to unpack the input x and check to see if it
a suitable RAM program and 0(T(n)) time units to construct T(n). Gener-

T(n) offspring takes time 0(T(n)). Each offspring takes time

ing the 2
I'(n)) to unpack its vector and 0(n) time unit to unpack and store the
ogram p(x). Because of the manner in which the program p(x) is stored,
ese offspring can use indirect addressing to simulate T(n) steps of p(x)
time O(T(n)). Finally, it takes another 0(T(n)) steps to wait for all
fspring to complete their simulation and to pass their results up to the

vel one processor. So the total time is 0(T(n)). This completes the

oof for the case h=2.
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The result for arbitfary,h follows from the result for the case h=2,
see this let h be a fixed but arbitrary positive integer. It is easy
show that there is a constant c, depending only on h, and such that:

a set A is accepted by a T(n) time bounded nondeterministic RAM in which

h label occurs at most h times, then A is accepted by a cT(n) time

nded nondeterministic RAM in which each label occurs at most twice. Now
A be a set satisfying the theorem with h replaced by 2 and T(n) replace
cT(n). It follows that A satisfies the theorem for thisvarbitrary h and
time bound T(n). 0O

OREM 4. 3: There are sets that can be recognized by O(Tl(n)) time boun
istic 2-PRAMs but cannot be accepted by any O(Tz(n)) time- bounded non-
erministic ordinary RAM, provided %gg Tz(n)/Tl(n) = 0.

of. The proof is almost identical to the proof of Theorem 4.2. So we
1 simply sketch the changes that need to be made in the proof of Theorem
in order to obtain a proof of this result. Let A be the set of all in~
ers x such that x is the code for some RAM program p(x) in which each
el occurs at most twice and such that p(x) does not accept x in time
n) where n is the length of x. As in the proof of Theorem 4.2, A is
ognized by a O(Tl(n)) time bounded deterministic 2-PRAM. So it remains
show that A is not accepted by any O(Tz(n)) time bounded nondeterministi
inary RAM. Suppose A is accepted by a cTz(n) time bounded nondetermin-
ic ordinary RAM, M, where c is a constant., Without loss of generality,
may assume that each label in the program for M occurs at most twice and
t every such program has infinitely many codings. Let X be a coding of
hich is large enough to insure that cTz(n) =< Tl(n), where n is the lengt
X. By standard arguments it follows that M accepts x if and only if M
s not aécept X. Thus we get a contradiction and conclude that no such

, M, can exist, O




V. LIMITING PARALLELISM

In this section we examine the effect of limiting paralleliém by
iting the number of offspring which each processor may call and by limit-
the total number of available processors. We also examine the problem
eliminating parallelism altogether, Our first result states that a k-PRAM
be simulated by a 2-PRAM in time that is polynomially related to the k-
M running time. The general idea of the proof is fairly simple. If for
mple k = 2t, then a'Q—PRAM can simulate k offspring by a series of t
els of recursive calls producing 2t = k descendents. The details of the
of are, however, surprisingly complicated; so, rather than include the

ails in the main text, we have put the proof in Appendix 2,

OREM 5.1: A nondeterministic T(n) time bounded k-PRAM can be simulated

a nondeterministic 2-PRAM in time 0(T6(n)).
Combining Theorems 4.1 and 5.1 yields:

OREM 5.2: A nondeterministic T(n) time bounded k-PRAM can be simulated

a deterministic 2-PRAM in time O(le(n))u

It is worth noting that we have not been able to prove a better bound

Theorem 5.2 in the case where the k-PRAM is already deterministic.

OLLARY 5.3: Every nondeterministic, polynomial time bounded k~PRAM can

simulated by a deterministic, polynomial time bounded 2-PRAM,

In the proofs of many of our results on limiting parallelism, it wi;l
useful to have yet another machine model, the recursive RAM. A recursive
{ is like a 1-PRAM.except that when a recursive RAM calls its offspring,

. parent is blocked until the offspring returns. A recursive RAM has the
le instruction set as a 1-PRAM, but no parallelism. The following result
fairly well known, and its proof quite intuitive; therefore, the proof

.1 not be given here.

M™MA 5.4: A T(n) time bounded recursive RAM can be simulated by an ordi-
v RAM in time 0(T(n)). Furthermore, if the original algorithm were deter-

1istic, then the simulating algorithm will also be deterministic.
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Theorem 4.1 says that for k—PRAMs, deterministic and nondeterministic
lynomial times are equivélent. If we insist that the number of available
d>cessors is also polynomially bounded, then it appears likely that the
1deterministic model is more powerful. Our next two theorems say that k-
AMs which work in polynomial time and use only a poiynomial number of
Jcessors are equivalent to ordinary polynomial time bounded RAMs., In

ier to state and prove this result, we need a definition,

We say that a k-PRAM program P is simultaneously T(n) time bounded and
1) processor bounded provided the following holds for all inputs x of
1gth n. If x is accepted (respectively rejected) by P, then there is
ne computation of'P on x such that
(i) this computation is an accépting (respectively rejecting)
computation,
(ii) this computation takes T(n) steps, and
(iii) no more than U(n) processors are ever computing in
parallel during the computation,
blocked processor is considered to be computing.) Notice that, if we
aw a k-PRAM as an acceptor, then the bounds T(n) and U(n). need only be
tisfied for computations which accept the input. If we view a k-PRAM
a recognizer, then every input must yield at least one suitably resource-

unded computation.

EOREM 5.5: A nondeterministic k-PRAM program P, which is simultaneously
n) time bounded and U(n) processor bounded, can be simulated by an ordi-

ry nondeterministic RAM in time 0(U(n)T(n)).

oof: By Lemma 5.4 it will suffice to produce a recursive RAM program R
ich simulates P in time O(U(n)T(n)). We construct R so that it performs
simple sfep-by-step simulation of P. However, when P would make a parailel
11 and continue computing in parallel with its offspring, R will make the
11 but will "wait'" for the return of the offspring before it continues the
mulation. The above algorithm works except for one rather pathological

se, If left alone, a processor in a P computation might never return and




it, in fact, generate an unbounded number of descendants. Such '"run-away"
essors are ''shut off" in P by having one of their ancestors execute a

irn instruction. 1In R, their ancestors are waiting and so do not shut

1 off. To overcome this ﬁroblem R will, for each simulated processor,
leterministically guess at when to shut the proceséor off. With this

fication, R clearly works and works in time 0(U(n)T(n)). O

JREM 5.6: A deterministic k-PRAM program P which is simultaneously T(n)
> bounded and U(n) processor bounded can be simulated by an ordinary deter-—

.stic RAM M in time O(U(n)Tz(n)).

>f. M keeps a complete description of P at an instant of time in M's
rage. Then M updates this description one step at a timeé. Since M does
know how many processors will be active at any one time, it cannot simply
:rleave storage to allow an infinite bank»of registers for each proéessor.
1 uses a linked list structure to assign an infinite bank of registers to
1 active processor. Since there are always at most U(n) active processors,
{11 need to update the description of individual processors at most
(n)T(n)) times. Since the simulated memory of a simulated P processor is
red as a linked list, it may take up to, but no more than, cT(n) steps to
ate the configuration of a single processor; here c is a fixed constant.
the total run time of M is O(U(n)Tz(n)). The details of the algorithm

M are quite involved but use only standard techniques. 0

OLLARY 5.7: Every simultaneously polynomial time bounded, polynomial
cessor bounded k~PRAM can be simulated by an ordinary RAM in polynomial
e. Furthermore, if the original algorithm were deterministic, then the

ulating algorithm will also be deterministic.

Observing that every T(n) time bounded 1-PRAM is also T(n) processor’

nded, we get the following.

OLLARY 5.8: A polynomial time bounded 1-PRAM can be simulated by a poly-
ial time bounded ordinary RAM. Furthermore, if the original algorithm were

erministic, then the simulating algorithm will also be deterministic.
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The following two results are immediate consequences of Corollaries

8 and 5.3.

ROLLARY 5.9: If every polynomial time bounded, deterministiCIZ—PRAM can
simulated by a deterministic 1-PRAM in polynomial time, then P=NP (where

and NP are to be understood in their usual non-parallel sense).

ROLLARY 5.10: If every nondeterministic, polynomial time bounded RAM
n be simulated by a deterministic, polynomial time bounded 1-PRAM, then

NP. (Again, we mean P and NP in the usual non-parallel sense.)

VI. TIME-STORAGE TRADEOFF

We wish to examine the complexity of storage bounded computations for
PRAMs and ordinary RAMs. The conventional way of defining a storage
unded computation on a RAM involves charging for all registers used from

gister R, through register Ra’ where a is the largest register address

0
ed in the computation. More precisely, we say that a computation of a
M program R on input x is S(n) storage bounded if, at any point in this
mputation

a .
X length(R,) = S(n
. i
i=0

ere a is the maximum register address used in the computation and

= length(x).

In what follows, it will be convenient to use a slightly different nqtion
storage bounded computations, wherein we charge only for those registers
ich are actually "used" in the computation., By "used" we shall mean that
e registers contain nonzero values. More precisely, we say that the com-:
itation of a RAM program R on input x is S(n) register bounded if, at any

int in its computation on x,

z [length(Ri) + length(i)] = S(n)
i

lere the sum is over all i such that the contents of Ri is not zero and
tere n = length(x). It is easy to show that these two storage measures are

|[uivalent up to growth rate. The proof is therefore omitted.




. 6.1: An O(S(h)) storage bounded RAM can be simulated by an 0(S(n)) re-
:r bounded RAM and conversely. Furthermore, if one RAM is taken to be

ministic, then the simulating RAM will also be deterministic.

We also need a storage measure for k-PRAMs. Consider some computation
k-PRAM program P on input x, where n = length(x). We say that a sub-
itation of some processor of P in this computation is S(n) register bounded
. any point in the subcomputation the registers of this processor satisfy
‘ollowing inequality.v '

k
: [length(Ri) + length(i)] + )} ) [length(C?) + length(j)] = S(n)
: =1 ]
: the first sum is over all i such that the contents of Riare not zero and
.ast sum is over all j such that the contents of C?are not zero. We say
a computation of the k-PRAM program P on input x is Zocally S(n) register
led provided every subcomputation of every processor in the computation of

x is S(n) register bounded.

Je will talk about computations that have several simultaneous resource

Is. The definition is given in terms of recognition programs. The defini-
for accepting programs is analogous. A k-PRAM program P is said to reéog—
the set A with simultaneous register bound S(n), depth bound D(n) and time
! T(n) provided that R recognizes A and that, for each input w such that

length(w) there is at least one computation of P on input w such that

(i) this computation is either an accepting or rejecting computation,
(ii) this computation takes at most T(n) time units,
(iii) this computation is locally S(n) register bounded, and

(iv) if m is the lowest level of recursion, then m =< D(n).

In order to obtain a storage efficient simulation of a k-PRAM by an ordi-
RAM, we will proceed in two steps. First, give an algorithm to simulate

'RAM on a recursive (non-parallel) RAM. Second, give an algorithm to simu-
the recursive RAM on an ordinary RAM. We will now give these two simula-

algorithms; however, we will present them in the reverse order.
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M™A 6.2: A simultaneous S(n) register bounded, D(n) depth bounded recur-
7e RAM program R can be simulated by a 0(S(n)D(n)) register
mnded ordinary RAM. Furthermore, if the original algorithm were deter-

1istic, then the simulating algorithm will also be deterministic.

sof. The usual method for implementing recursién by constructing and

ing a stack yields.a 0(S(n)D(n)) storage bounded RAM program. By Lemma 6.1,
know this 0(S(n)D(n)) storage bounded program can be simulated by a
3(n)D(n)) register bounded program. (]

MMA 6.3: Let S(n), T(n) and D(n) be any functions such that S(n), T(n)

6l D(h) are 0(S(n)) storage countable. A simultaneous’ S(n) register bounded,
1) depth bounded, T(n) time bounded k-PRAM program P can be simulated by
J(S(n)D(n)) register bounded ordinary RAM. Furthermore; if the original

jorithm were deterministic, then the simulating algorithm is also deterministic.

oof. Thg proof uses the techniques developed in the proofs of Theorems

1 and 5.5. So we will merely sketch the construction. By Lemma 6.2, it

11 suffice to describe a recursive RAM program, R, which simulates P, which
simultaneously 0(S(n)) register bounded and D(n) depth bounded and which is
terministic if P is deterministic. We now describe such a recursive RAM
ogram R. Basically, R does a step-by-step simulation of P except that, when
processor of R makes a recursive call, it must wait for its offspring to
turn before proceeding with its computation. If this simulation is imple-
nted in thke simplest way, three problems can' arise. First of all, the
fspring called by P may never return, but P may continue to compute and ig-
re this subcomputation (by returning to its parent) and go on to recognize
e input. Since R has no parallelism, it would wait for this offspring be-
re proceeding, and hence its computation would never terminate and it

uld not recognize the input. The second problem is that an offspring whose
mputation is to be ignored (as outlined above) may still recurse deeper

an D(n) in T(n) time units. The third problem is that there may be some

‘ocessor in P's computation which, if left to compute, would exceed the




ster bound S(n), but which disappears before reaching this bound, be-

e its parent executes a return instruction. Such a processor’would_

e R to exceed the register bound 0(S(n)), if the simulation were imple-
ed in the most naive way. To avoid all these problems, R has three

ines which terminate processor computations before ény of these problems
e. These routines insure that R simulates at most T(n) steps of P, and

R is simultaneously 0(S(n)) register bounded and D(n) depth bounded.

To insure that R simulates at most T(n) steps of P, the following clocking
ine is used. A variable CLOCK is initialized to T(n). Every time a move
is simulated, the variable CLOCK is decremented by an amount equal to the
sed simulated run time of P, Whenever an offspring is calléd, its value
LOCK is set equal to its parent's value of CLOCK. When aﬁ offspring re-
s, it passes its value of CLOCK to its parent; before a parent simulates
:.ssing an offspring's channel or recalling the offspring, it resets its
e of CLOCK to the minimum of its value of CLOCK and the value of CLOCK
rned by that offspring. Whenever a processor gets a value of CLOCK < o, .
nds its computation and returns. If the level-one processor gets a value

LOCK =0, then the computation is aborted.

To guarantee that R is D(n) depth bounded, it uses a variable called
L. This variable is initialized to D(n). Every time a recursive call
iade, the value LEVEL-1 is passed to the offspring and the offspring sets
variable LEVEL to this value. Whenever a processor has a value of LEVEL
1 to one and wishes to simulate a recursive call, it returns to its
nt and reports that its subcomputation has exceeded the depth bound. If,
he simulation process, a processor wishes to access an offspring's chan-

it first checks to see if the offspring has exceeded the depth bound.
he offspring has exceeded the depth bound, then the parent processor im-
ately returns and reports that its subcomputation has exceeded the depth
d. Should the level-one processor determine that its subcomputation has
eded the depth bound, then the computation is aborted. Notice that the
‘e two routines guarantee that every recursive call of R will eventually

I,
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To insure that R is 0(S(n)) register bounded, each processor of R
:ps a tally of how much simulated P storage (in the sense of register
mmd) it has used. If a simulated instruction would cause this tally to
zeed S(n), then the processor éborts the simulation and executes a return
struction. The news of storage overflow is passed up to parent processors
the same way that the news of exceeding depth D(n) is passed up to parent

JCessors.

R clearly has the desired properties. a

The next lemma is from Hartmanis [4]. 1In [4] it is stated for RAMs but

> same proof technique yields the same result for k-PRAMs.

MA 6.4: If a k-PRAM program P is given some input x where lxl >0, it
st be the case that after t time units, no register contains a value of y

ch that Iyl > c|x|2t, where c is a constant depending only on P.

EOREM 6.5: A T(n) time bounded k-PRAM can be simulated by a O(T3(n»
gister bounded ordinary RAM. Furthermore, if the'original algorithm were

terministic, then the simulating algorithm is deterministic.

oof. First observe that a T(n) time bounded k-PRAM program will recurse
deeper than T(n). Furthermore, by Lemma 6.4 we know that no register of

T(n)).

#ill ever contain a value larger than 0(|x|2 So for any register Ri

ed in the computation length(Ri) = 0(T(n)). Therefore, we know that P is
multaneous T(n) time bounded, 'T(n) depth bounded and O(Tz(n)) register

unded. By Lemma 6.4 and the two conventions that T(n) is 0(T(n)) time count-
le and that T(n) = n, we know that T(n) is 0(T%(n)) storage countable. There-
re, by Lemma 6.3 we can conclude that P can be simulated by a O(T3(n»

gister bounded ordinary RAM. O

EOREM 6.6: Let S(n) be any O(S3(n)) time countable function such that
(n) 2n. An S(n) register bounded nondeterministic RAM program R can be simu-

ted by a nondeterministic 0(S3(n)) time bounded 2-PRAM program P.

oof. We will prove the theorem by exhibiting a 2-PRAM algorithm P which

n simulate the computation of R in time O(S3(n)). Before we consider the




1al algorithm, P, we will make some simplifying assumptions about the
:ation of the RAM (without losing any generality). First, we will assume
: the "halt" instruction operates like a "trap" instruction. That is,
» the RAM executes a halt instruction, it continues to reexecute that in-
:ruction for an infinite period of time. Second, we will assume that if
: 1 when R halts, then it has aécepted the input; if RO # 1 when R halts,

1 it has not accepted the input.

We also need to examine the time complexity of algorithm R. Since R is
) register bounded, we know there is anN such that for all n = N: if R

cS(n) . .
time units,

:)pts an input x of length n then R can accept x within 2
e ¢ is a constant. Since we are assuming that the RAM will continue to
le on the halt instruction, we know, if x is accepted, then there exists

cS(n)

ymputation of R on input x such that after exactly 2 time units, P

axecuting a halt instruction. The algorithm P, on input x, will first
are x and 2N+l, This can be done in one step. If x <2N+1, P will rec-
ize x by table lookup, using a binary search method. This can be done in
2 0(n). When x 22N+l, the algorithm P is more complicated. We will give

intuitive notion of the operation of P in this case. The detailed algo-

am is given in Appendix 3.

P will not perform a step-by-step simulation of R. Instead, P will

s5s at R's memory configuration after it has completed half its computa-

1 (hereafter referred to as the "midpoint'" configuration). P will pass

of its two offspring the start configuration and the midpoint configura-
n and it will pass the other offspring the midpoint configuration and a

ss of the final configuration. Each of these offspring guess atva con-
uration halfway between the two they received from their parent and repeat
process of calling two offspring. This procedure is repéated recursively

cS(n) offspring which

il level cS(n) is reached, whereupon each of the 2
e generated by this process simulate a single move of R and return to
ir parent if that single move transformed the first configuration (re-
ved from the parent) into the second configuration. After a pair of pro-

sors have completed their simulation and returned, their parent checks




see if the concatenation of the two subcomputations i

turns to its parent as well; otherwisé, the computatio

ocess is repeated recursively until level 1 is reached
accepted provided the concatenation of all the guesse

lid accepting computation of R.

The time bound O(S3(n)) is shown as follows. There
a depth of cS(n). Each call will be preceded by a no
a storage configuration. This configuration can cont
rs and each register can contain a number as large as

rge as ZS(n)

can be generated by a nondeterministic pr
eps. [See Lemma A2.3, Appendix 2.] So the entire conf
n) registers can be nondeterministically generated in
ere are recursive calls to depth cS(n) and the cost of
O(Sz(n)). So the total time to generate the 2cS(n) o
é time to compute S(n), simulate the moves of the RAM
ck up to the tree is also clearly bounded by O(S3(n)).

me is 0(83(n)) as desired. [

The main result in this section. says that there is
r k-PRAMs. To facilitate the exposition, we will give
esses a polynomial relationship between two functions.
e function Tl(n) is P(Tz(n)) if there exists a constan

(n) s’t%(n) for all but some finite set of non-negativ

EOREM 6.7: A set is accepted by a P(T(n)) time boun
it is accepted by a P(T(n)) storage bounded RAM. Fur

ther of the machines to be deterministic, even if the

terministic.

oof. Immediate from Theorem 1 in [7] and Theorems 4

'ROLLARY 6. 8: The following statements are equivalen
(1) A is accepted by a nondeterministic polynomial
(2) A is accepted by a deterministic polynomial ti
(3) A is accepted by a nondeterministic polynomial
(4) A 1is accepted by a deterministic polynomial st
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Program to unpack
store the bit

»
b

<« 20 :

I <T DO
GIN

I <« I+1 ;

B[I] <« B[I-1] + B[I-1]
D ;
mt: I=T = the length of
iding the appropriate nun
ng zeros, B[J] = 2d for
1,1,2,...I=T 3
. I =20 DO
GIN
WHILE V < B[I] DO
BEGIN
V[I] <« 0 ;
I+« I-1;
END ;
V[I] <« 1 ;
V<« V- BI[I] ;
I <« I-1;

D
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Appendix 2
Proof of Theorem 5.1

The proofs of many of the lemmas are either omitted or reduced to
rief sketches. Complete details of the proofs can be found in [9]. 1In
rder to simplify the construction, we will use an intermediate model
alled a restricted k-PRAM. -Informally, a restricted k-PRAM is a k-PRAM
ith the following additional property. If it calls any one offspring,
hen it calls all of its offspring and waits for all offspring to return
efore it either accesses a channel or recalls an offspring. Furthermore,
ach offspring is blocked from starting its computation until all of its
iblings have been called. The formal definition is a bit involved, but
s just a formalization of this informal idea. A restricted k-PRAM is a
-PRAM such that each processor has associated with it a vector of k bits
nd such that all computations are restricted to behave as follows: When
processor is called, its vector is set to all zeroes. For £ = 1,2,...,k,
f the Zth bit is not zero, and the processor tries to call its ch offspring,
nen it is blocked until the ch bit becomes zero. When the Rth bit becomeé
ero, the ch offspring is called, the Rth‘bit is set to one, the parent
rocessor continues with its computation but that offspring is blocked from
tarting its computation until the entire vector is all ones. Whenever
1e vector is all ones, all k offspring‘begin their computations. The vector
ats reset to all zeroes as soon aé all the offspring return. If the vector
5 not all zeroes and the processor tries to access any channel, then it is
locked until the vector becomes all zeroes. Note that if a processor attempts
> access a channel or recall an offspring before the processor's vector is
ither all zeros or all ones, then the processor will become permanently‘
locked because it will be unable to call the remaining offspring. In this

ise, we say the processor is vector-blocked.

Running times for restricted k-PRAMs are computed exactly the same as
mning times for ordinary k-PRAMS. 1In particular, no charge is made for

ahipulating the associated vectors.




Technically speaking, a restricted k-PRAM is not a special type of
‘PRAM, but is a different type of device. However, it is not difficult
y show that if a restricted k-PRAM runs in time T(n), then we can find
t equivalent ordinary k-PRAM that runs in time O(T(n)); furthermore, if
le restricted k-PRAM is deterministic, then the ordinary k-PRAM will

.s0 be deterministic.

MMA A2.1: If A is accepted by a restricted k-PRAM program P then, for
ty h 2k, we can find a restricted h-PRAM program P' such that
(1) If P is deterministic, then P' is also deterministic and P'
recognizes A,

(2) 1If P is nondeterministic then P' accepts A and, after at most
cT(n) moves of any computation, P' is at level one in a halt
state. Here c is a constant depending only on P.

(3) P' runs in time 0(T(n)).
(4) No processor of P is ever vector-blocked.

(5) When implemented on an ordinary nonrestricted h-PRAM, P' still
has properties (1), (2) and (3). :

00f. P' does a step-by-step simulation of P except that, when P would

ther become vector-blocked or enter an infinite loop, P' will instead do

le appropriate thing. By the "appropriate thing'" we mean that: if P is

rterministic, then P' rejects the input and if P is nondeterministic, then
returns to level one and halts in a nonaccepting state. In order to per-

yrm this simulation, P' must overcome three problems: (1) it must be able

) detect when P would enter an infinite loop, (2) it must be able .to de-

:ct when P would become vector-blocked, and (3) if the simulation ié imble—

;mted in the most naive way, then after k recursive calls, P' would always

:come vector-blocked, since the remaining h-k offspring are never called.

1 order to overcome the first problem, P' uses a clocking routine like |

1at used in the proof of Theorem 4.1. To overcome the second problem, P'

iserves k registers to explicitly implement the k bit vector associated

.th a processor. To overcome the last problem, P' makes '"dummy calls" to

le extra h-k processors. If a processor receives a dummy call, then it

mediately returns. 0
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A2,2: A T(n) time bounded restricted k~PRAM, P, can be simulated
cestricted 2-PRAM, P', in time O(Tz(n)). Furthermore, if the original
(thm were deterministic, then the simulating algorithm will also be

pinistic.

By Lemma A2.1, we may assume that k = 2j for some j = 2 and that
is a constant, c, such that, after c¢T(n) moves, P is guaranteed to
level one. The 2-PRAM P' does a step-by-step simulation of the
1P but calls and returns are implemented in a special way. When P'

3 to simulate a call, it does not call one of its offspring but in-

saves the parameter list that would have been passed by P to its

‘ing. After k simulated calls, P' will have saved k such parameter
At this point, P' generates k = 2j descendants by means of j levels

rursive calls. Each of these descendants receives one of these k

ster lists, The k descendants of the P' processor then simulate the

ipring of the simuléted P processor. When one of these k descendants

i to simulate a return, it returns the simulated parameter list that
processor would return. The P' processors at these j intermediate

» wait for both of their offspring to return and then return the param-

[ists returned by these offspring. In this way the k simulated re-

| parameter lists eventually get returned to the processor that simu-

the k calls. Since every computation of P eventually returns to

one, we know that all calls will be returned. So P' is guaranteed to

'te its simulation of P. It remains to estimate the run time of P'.

:ach processor of P has k offspring processors which it may call again
jain. Although each of these k processors may be called many times,

' consider them to be just k individual processor units. So we can

ler P to consist of a rooted k-branch tree of processors with the

one processor at the root node. In a similar way P' can be considered
a rooted binary tree of processors. Some of these P' processors simu-
'rocessors of P and some serve as intermediate processors which do

g except pass parameter lists up and down. Call the former type of
cessors simulation processors and call the latter type liaison pro-

's. Consider a computation of P on an input of length n and consider




he corresponding P' computation. Because of the time consumed by the
iaison processors and because of the bookkeeping involved, some simula-
ion processors will complete their simulation at a somewhat faster rate
han other simulation processors. &o, if two processors of P execute
nstructions at the same time, it does not follow that the corresponding
imulation processors will be simulating these instructions at the same
ime. To avoid any analysis problems due to this lack of synchronization,
e will assume that the processors of P' are slowed down, by some outside
gent, so that steps that are concurrent in the P computation are simulated
oncurrently in the P' computation. (Of course, this outside agent only
lows processors down by the minimum amount of time needed to insure syn-
hronization.) We will denote this slowed-down version of P' by P". Surely
" runs no faster than P'., So it will suffice to show that P" runs in time
(Tz(n)). We will show that, if a processor of P takes s time units to
xecute an instruction, then the corresponding P'" processor can simulate

he instruction in time 0(sT(n)), including any time needed to wait for
arameters to be passed by the liaison processors. Suppose that the in-
truction is a call instruction which takes s time units in P, including
ny time units during which it is blocked because an offspring has not yet
eturned. In P" this instruction is simulated by saving the parameter

ist and, if it is the kth parameter list to be saved, by a call that passes
111 k-saved parameter lists. If all that P" need do is to save the param-
'ter list, fhen the simulation can be done in time 0(s). In the case where
. parameter lists are passed, the P" processor must pass up to T(n) values
lown through j levels of liaison processors. This takes time 0(T(n)). So,
n any case, the simulation can be done in time O0(T(n)). Next, éonsider
‘eturn instructions. We will charge the time spent passing parameter lists
ip through liaison processors to the simulated parent's channel access in-
itructions rather than to the simulated offspring's return instructions.

jo if a return costs s time units in P, then it will cost only 0(s) time
mits to simulate it in P". A channel reference that takes s time units in
', including any time during which the processor is blocked, can be simu-

.ated in time O(s) plus the time needed for parameters to be passed up
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through the liaison processors.v Since there are at most T(n) values passed
1p by each of the k offspring, it will take at most O(T(n))‘time units to
rass the parameters up. Thus the cosf of simulating a channel access is
)(s+T(n)), and so certainly is 0(sT(n)), where s is the cost of the instruc-
zion in P. All the remaining instructions can be simulated in constant
:ime. Thus any instruction that takes time s in P can be simulated in time

)(sT(n)) by P". So P", and hence P', run in time O(Tz(n)). a

JEMMA A2.3: There is a (nondeterministic) RAM program such that the fol-
lowing holds for all x and t: If (0<x< 2t and t=1), then there exists a
:omputation of that program which requires no more than 6t+5 time units to

:ompute X,

>roof': We give such a program, P:

1. I<0

2. A0

3. B+l

4. LOOP: IF Izt GOTO DONE

5. GOTO ADDIN

6. ADDIN: A<A+B

7. ADDIN: I<I+l

8. B<B+B

9. GOTO LOOP

10. DONE: HALT AND ouTPUT A 0O
JEMMA A2.4: A nondeterministic T(n) time bounded k-PRAM, P, can be simu-

lated by a nondeterministic restricted k-PRAM, P', in time 0(T3(n)).

roof: P' operates as follows. Each processor of P' will perform a step-
>y-step simulation of the corresponding P processor except that calls and
returns are handled in a special way. The level one processor of P' will
first guess at the number of simulated calls it will make to each of its
Jffspring, what parameters will be passed to the offspring, what values will
e returned by these recursive calls and which of these returned parameter
lists it will ever access. It then calls all k of its offspring, telling

them how many subcomputations they should simulate and what the passed




rameter lists are. It then proceedé with its step-by-step simulation
t, instead of making recursive calls‘and accessing channels, it uses the
essed-at parameter lists. If it wishes to simulate a call and the guessed-
parameter list for the call is incorrect, then the computation is aborted.
the‘guessed—at parameter list is correct, then no call is made but the
mulation proceeds with the next step. If it wishes to simulate accessing
channel, it reads the valﬁe from the appropriate guess of the returned
rameter list. Meanwhile, the k offspring simulate the corresponding off-
ring of P on the guessed-at parameter lists but, instead of returning param-
er lists, they save the parameter lists they would have returned. When an
fspring has completed all the simulations required of it, it then passes
1 the simulated returned parameter lists to its parent. The parent com-
etes its simulation up to a simulated return instruction. The parent then
mpares its guesses at parameter lists with the parameter lists actually
turned by its offspring. If they do not matcﬁ, then it aborts its compu-
tion. If they do match, then it proceeds with its computation and returns
e computed value. Lower level processors proceed in the same way except
r two points. First, they do not return any parameter lists until they
ve completed all the simulations required of them. At that point, they
turn all their simulated returned parameter lists. Second, they do not
ther to do a simulation if the'parent guessed that it would not access the
lues returned from that call., Clearly, P' accepts (respectively rejects)
:actly the same inputs that P accepts (respectively rejects). It remains

)\ estimate the run time of P',

We will show that it takes O(Tz(n)) time units between the time that a

processor starts to simulate one time unit of P and the time it starts to
mulate the next time unit of P. Since there are T(n) time units to simu-
ite, it will then follow that P' runs in time O(T3(n)). Consider a P' pro-
:ssor that is simulating a P processor from the time it is called until the
.me it returns. Charge the time for guessing at its offsprings’' parameter lists
1d for passing these parameter lists to the first simulated time unit.
\arge the time for returning and checking these parameter lists to the last
‘mulated time unit. If the input is of length n, then there need be a

tal of at most T(n) numbers in any such list of parameter lists. By Lemma
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APPENDIX 3

2-PRAM program for the proof of Theorem 6.6

Before giving the detailed algorithm fdr P, we will first describe some
‘he data structures used in the simulation. We will need two special
.sters: '"'LEVEL" (conﬁaining the level of recursion) and "MAX" (contain-
the value of ¢S(n)), which will be the maximum level in the computation.
memory configuration of R will be represented by a list of pairs of
.sters. The first element in the pair will be the registér address and
second element will be that register's contents. Since we do not store
.sters whose content is zero, a zero value will indicate the end of the
:« We will refer to this entire list as an R-configuration. We now

:ribe the operation of algorithm P on some input x.

Initialization: At level 1 (detected by the fact that LEVEL = 0)
P will first compare x and 2N+l. Then P will do one of the following:

(a) 1If X<<2N+l, P will recognize x by tahle lookup using

a binary search.

(b) If x = 2N+1, P will construct cS(n) in register MAX and

nondeterministically guess at the final R-configuration.

It then continues with step 2.

Entry: At all levels, upon entry, P must increment LEVEL by 1 and
compare it to MAX. If LEVEL = MAX, then P must simulate an instruc-
tion of R (go to step 4). If LEVEL < MAX, then P must divide its task

between its two offspring (go to step 3).

Computation Reapportionment: P will now divide its subcomputation
between its two offspring so that the first will simulate the first
half and the second will simulate the second half. First P nondeter-
ministically guesses at a new R-configuration, which should be the

configuration of R after it has reached the point in its computation
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esponding to the midpoint of this processor's subcomputation.

P calls its first offspring, passing it the first R-configura-

it received from its parent and the guessed midpoint R-con-
ration. Then P calls its second offspring, passing it the guessed
oint R-configuration and the second R-configuration it received

its parent. It now waits for its offspring (at step 5).

lation: If LEVEL = MAX, P must simulate an instruction of R.
t, P guesses at a location pointer into the program R (we will

te this pointér by p), then it executes this instruction, up-

ng the first R-configuration it received from its parent. 1If
instruction transforms the first R-configuration it received
the second R-configuration it received and changes the location
ter to q, then P returns the pair (p,q) to its parent; otherwise,

computation is aborted.

fileation: " When both offspring return, P must verify that a valid
ruction sequence has been followed by its descendants. Assume that
instruction pointer pair (pl,ql) was returned by the first offspring
the pair (pz,qz) was returned by the second. If 4y # Pys then the
omputation of the second offspring did not start with the next in-
ction dictated by the simulated computation of the first offspring,
he computation will be aborted. Otherwise, the computations match
so P returns the instruction sequence pair (pl,qz) to its parent

LEVEL # 1; when LEVEL = 1, see step 6).

ination: If the computations match (in step 5) and LEVEL = 1 and
1 (that is, the first instruction to be executed is the first in-
ction in the program) and 9, = i, where i is the location of a halt
ruction, then P accepts the input if and only if R0 = 1 in the final
nfiguration (recall that we assumed R halts with RO = 1 if and only

t accepts the input).
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